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1. Answer the following as directed : 1x8=8

(a) Describe an open ball in the discrete
metric space (X, d).

(b) Define Euclidean metric on R™.
{c) Find the derived set of
B} ={l, l; l: D }
D 3

{d) Let F; and F, be two subsets of a metric
space (X, d). Then

) R, -RoF,
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(2)

(@ (FynFy) =F/NnF,
(i) (AUB) =A"UB’
(iv) (Fy U F,) = F{UF}

( Choose the correct option )

“Cauchy sequences are mapped into
Cauchy sequences by a continuous
function defined from a metric space to
another metric space.”

( Write True or False )

The intersection of an infinite number of

open sets need not be open. Justify your
answer,

Which of the following statements is not
true?

() Discrete metric space is a complete
metric space.

() In a metric space, any intersection
of closed sets is closed.

(i) A Cauchy sequence in a metric
space is convergent in it.

(iv) In the discrete metric space, each
subset is open. ’

( Choose the correct option )

( Continued )

(3)

(h) Consider the following statements :

I. In a connected metric space (X, d),
there exists a proper subset of X
that is both open and closed in X.

II. The continuous image of a
connected metric space is
connected.

In the light of fhe above statements
(i) both I and II are true
(i) both I and II are false
(iii) 1 is true but II is false
(iv) 1 is false but II is true

( Choose the correct option )
2. Answer any six of the following questions :
2x6=12

(a) Prove that a convergent sequence in a
metric space is a Cauchy sequence.

(b) Show that each subset of a discrete
metric space has no limit point.

(c) Show that the interior of the subset
[0, 1]c R is the open interval (0, 1).

(d) Let F be a subset of a metric space
(X, d). Then prove that F is closed if and

only if F=F.
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(e)

(g)
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(i)

0
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If F; and F, are two subsets of a metric
space (X, d), then prove that

RUF,=FUF,

Let (X, dy) and (Y, dy) be metric spaces
and let f:X Y. If f(A)c f(A) for all
subsets A of X, then prove that f is
continuous on X. :

Show that the function f:[0,1]—=R
defined by f(x)=x2 is uniformly
continuous on the metric space [0, 1]
with the absolute value metric.

Define homomorphism of metric space
and give one example.

Show that the metric spaces (X, d;) and
(X, dy), where

di(x y)

d =
2(% ) )

VAT X
are equivalent.
Show that the set of rationals Qc R

with the usual metric induced from R is
not connected.

( Continued )

(S)

3. Answer any four of the following questions :

fa)

(b)

(c)

(@)
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5x4=20

Let
X=R" =

{x=0x, x5,.., xp): x; ER, 1<i<n}
be the set of real n-tuples. For

X = (xl’ X2 eusy xn.) and y= (yl’ y2> eey yn)
in R™, define

o Ya
d(x, y) =( E(xi "yilg)
i=1

Verify that d is a metric on R".

Define an open ball in a metric space.
Prove that in any metric space each

open ball is an open set. 1+4=5

Let (X, d) be a metric space and Y ¢ X.
Prove that if X is separable, then Y with
the induced metric is separable too.

Let (X, dy) and (Y, dy) be two metric
spaces. Prove that a mapping f: X > Y
is continuous on X if and only if f'l(G)

is open in X for all open subsets G of Y.
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(f)

(9)

h)

(ear)

Define uniformly continuous mapping

on a metric space. Show that the
function f:(0, 1) -» K defined by f(x) = L
: X

is not uniformly continuous.

Let (X, d) be a metric space and let
xeé X and Ag X be non-empty. Prove
that x € A if and only if d(x, A)=0.

Let T: X — X be a contraction of the
complete metric space (X, d). Then
prove that T has a unique fixed point.

Let (X, d) be a metric space and let
{Y,:Ae A} be a family of connected
sets in (X, d) having a non-empty
intersection. Prove that Y= U Y, is

connected. AeA

4. hAnuswer any two of the following questions :

(1)
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10x2=20

(i) Prove that the metric space X =R"
with the metric given by

n }L’
4y 0=(Elsi-ur )’ 2
i=1
where X =Xy, Xgy oy X ) and
Y=Y Yny s Yn) are in R", is a

complete metric space.

{ Continued )

1+4=5

(b)

(

(@
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()

(i)

(it)

(i)

(S)

Let F be a subset of the metric
space (X, d). Prove that F’ is a
closed subset of (X, d). 4

Let (X, d) be a metric space and
F c X. Then prove that F is closed
in X if and only if F€ is open in X. 5

Let (X, d) be a metric space and Y
be a subspace of X. Let Z c Y. Prove
that Z is open in Y if and only if
there exists an open set G ¢ X such
that Z=GnY. 5

If A is a subset of the metric space |
(X, d), then prove that d(A) = dA). - 4

Let (X, dy) and (Y, dy) be metric
spaces and Ac X. Prove that a
function f: A — Y is continuous at
ac A if and only if, whenever a
sequence {x,} in A converges to q,
the sequence {f(x,)} converges
to f(a). 6

Let (X, d) be a metric space and
F ¢ X. Then prove that xq is a limit
point of F if and only if it is possible
to select from the set F a sequence
of distinct points Xx;, Xg, .., Xp such
that _
lim d(x,, xo) =0 S
n
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(8)

(i) Prove that a mapping f: X —Y is
continuous on X if and only if
f7}F) is closed in X for all closed

subsets F of Y where (X, dy) and
(Y, dy) are two metric spaces.

fe) (i) Define discrete two-point space. Let

(X, d) be a metric space. Prove that

the following statements are

equivalent :

1. (X, d) is disconnected.

2. There exists a continuous
mapping of (X, d) onto the
discrete two-element space
(X0, do)-

(i) If Y is a connected set in a metric

space (X, d), then prove that any

set

Z such that Yc ZcY is

connected.
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